Stochastic Calculus: NYU, Fall 2003

1 Preliminaries

1.1 Multivariate Normals

Definition 1 A Gaussian vector (multivariate normal random variable), X =
X1
, 18 a random variable in RP with the density function fx(x) =
Xp
where ;i € RP is the mean and ¥ € RP*P is a symmetric positive definite matrix
and the covariance matrix.

Note that the fact that ¥ is positive definite (and not positive semidefi-
nite) implies that no linear combination of some of the components is perfectly
correlated with the other components. Some other properties include:

e Each coordinate is Gaussian.
e Each subset of the coordinates with also a Gaussian vector.

e If C is a non-singular p X p matrix and Y = m+CX, then Y is distributed
multivariate normal with mean m + Cp and covariance CXC7.

2 Limit Theorems

Theorem 2 (Weak Law of Large Numbers). Let §; be a sequence of inde-
pendent, identically distributed random variables. Let n = E(§;) < co. Let

Sn=371_1&;. Then, P()S;j —77‘ <eg)—1asn— oo foralle > 0.

Theorem 3 (Central Limit Theorem) Let §; be a sequence of independent,
identically distributed random variables.  Let n = E(§;) < oo. Let S, =

Z?Zl ;. Let E(ﬁ?) =02 <o00. Asn — oo, S"T—\/%LZ'L converges is probability

to a mormal random wvariable with mean 02and variance 1, that is, a random
variable with probability density p(x) = e~ /2/\/2r.

Lemma 4 (Borel-Cantelli Lemma) Let s be a sequence of events. Let Bj =
{w: (Wjs1, ..., wj+x) = s}, where each w is an infinite vector (string) of events.
Then, P(B; infinitely often) = 0 if Zjil P(B;j) < oo and P(B; infinitely
often) = 1 if the B; are independent and Y32, P(Bj;) = cc.

Theorem 5 (Strong Law of Large Numbers) Let {Xj};?‘;l be a sequence of
independent, identically distributed random variables. Let n = E(X). Let
Sn =351 X;. Then, Su s almost surely if and only if E(|X;|) < occ.
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2.1 Statistics of Extrema

Theorem 6 Let {fj}jeN be a sequence of independent, identically distributed
random variables. Let M, = max{&{,...,&,}. If there exist an,b, such that
P(an (M, —b,) <z) — G(x) as n — oo, then G(z) is of one of three forms:
(1) Gz)=e* ", (2)Gx) =", 2>0,aa>0, or (3) G(z) =e 1"z <
0,a> 0.

3 Markov Chains

Definition 7 Given a sequence { X, }nen, it has the Markov property if P(X,, =
1| X1 = Jno1) = P(X,, = 1| X1 = Jno1, Xn—2 = Jn—2,...). If a sequence
has the Markov property, we call it a Markov chain. We may then specify its
evolution through the transition probabilities pl(-?) = P(X, =i|X,—1 =J).

Definition 8 A process is stationary if pgl) = P(X,, = i|Xn_1 = j) = p(i]j)

does not depend onn. Then, we may simply write p;; = pg;l). This also defines
a matrixz of transition probabilities, P, with each row sum equal to 1.

Some properties of Markov chains with a state space, S, initial distribution,
w, and transition probabilities p(i|j) include:

® > .cg (i) =1 (there is an initial condition in the space)

e Forall j €S, 3, 4p(ilj) =1 (there is always a transition, even if it is to
the same state)

e 0<pu(i)<1landO0<p(ilj) <1 (these are probabilities)

Definition 9 We say that i leads to j, i« — 7, if there exists s such that the ji
entry of P* is positive for some s. That is, there is some chain of finite length
and non-zero probability from i to j. Ifi — j and j — 1, then we say that i
and j communicate, and 1 < j.

Theorem 10 If there exists a fived s such that for all (i,7) Pj; > 0, then (1)
there exists a unique m such that m = Pr and (2) for all p, then u, = P"u,
converges to m as n — oo exponentially fast.

Definition 11 A chain is ergodic if all pairs of states communicate. That
is, there are mo disconnected chains or groups of states to which return with
probability 0.

To find the probabilities of certain events, such as entering a state or getting
out of a certain set of states, we may create a modified chain, with a black
hole state (one from which one cannot exit) that is entered only when that
event occurs. Then, the probability of that event already having occurredin
the original chain equals the probability of being in the black hole state in the
modified chain.



4 Continuous Time Stochastic Processes

4.1 Brownian Motion (the Weiner Process)

Let {&,, }nen be independent and identically distributed with P(¢,, = +1) =

P(¢, = —1) = 1. Then, S, = Y1, & is a random walk, and we may write
Sp = Sn_1+&,. Forany integer N, set At = 1/N fort € [0,1]. Set x/n = 5—%

We may define a piecewise continuous function by zn(t) = x;n|/n. Under
appropriate assumptions (Donsker), xy(t) converges in distribution to a random
process, W;. We call this the Weiner Process, or Brownian motion. Some
properties of this process include:

e Wi"Normal(0,1)
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e W,"Normal(0,t), since X;* = lim T~ = lim TN VY where the

first term converges in distribution to a standard normal random variable
and the second converges to v/%.

e Since {5, }nen is Markov, the Weiner process is a continuous-time Markov
process. That is, P(Wy < x[{Wy }e<s) = P(W; < z|Wy).

o PWy < z|W; = y) = PWi_s < z—y), and W; — Wy has the same
distribution as W, _, that is, Normal(0,t — s)

® Pt —tn 1 (@nlTn—1)-pry g, (@2]21)pp, o(21[0) = py, ¢, (Tn—Tn-1(0)...p¢,_
x1|0)p;, _o(1|0) (this is the the joint probability density function of Wi , ...,

for any partition {toc = 0,t1,...,tn—1,t, = 1} of [0, 1]
o E(W,W;) = min(s,t)

o E((Wy—W;)?) = |t — s| (The Weiner process is almost surely continuous,
and it is almost surely not differentiable anywhere.

e Given A > 0, AV Wy is equal in distribution to W;. (The Weiner
Process is self-similar.)

Another construction of the Weiner process: Let {fi(t)} be an orthonor-
mal basis (so that fo fk Vfw (t)dt = Oy ) in L2[0,1], so that for any g :
[0,1] — R, w1th fo )2dt < oo, we may write g(t) = >, afr(t), where
ag = fo t)dt. Note that fo t)2dt = >, ai. Let {B,} be indiepen-
dent, 1dentlcally dlstrlbuted standard normal random variables. Let W; =
Dok ﬁk fo fx(2)dz. Then, since each fo fr(2)dz is fixed, each W, is normal with
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mean 0. In addition,

B = B30 /0 fu(z)dz /0 fo ()
%:%:E(ﬁkﬁk’)/o fk-(Z)dZ/o fer (2)dz'
;/0 fk(z)dz/o fr(zhd2

Let x,(z) be the indicator function for the interval [0,¢]. Since x,(z) € L?[0,1],
we may write x,(2) = 3 fe(t)(fy Xe(2') fx(2)d=") = 5 fe()(fy x, (') fx(2)d2"),
so that >, fg fru(2)dz ] fr(2)dz' = fol X:(2)xs(2)dz In addition, fol X (2)x4(2)dz =

fomin(t’s) X¢(2)xs(2)dz = min(t, s). Thus, E(W;W;) = min(¢, s).

4.2 Gaussian Processes

Definition 12 Xy, for t € [0,1], is a Gaussian process if, for any partition
X,

0<t; <..<t, <1, the vector | ... is a Gaussian vector.
X,

As with Gaussian normals, Gaussian processes are completely determined
by their mean and covariance. In this case, X; is completely determined by
E(X;) and E(X;X,) = K(t,s) for all t,s € [0,1]. Given a Gaussian process,
Gy, with a zero mean, we may construct a process with mean m; at each time
as Gy +mg.

Definition 13 W, is the Weiner process (Brownian motion) if (1) Wy is a
Gaussian process, (2) E(W) = 0 and E(W;W;) = min(s,t), and (3) Wy is
almost surely continuous.

Given a certain covariance, K (¢, s), we may construct a zero mean Gaussian
process on [0, 1] using the Karhunen-Loeve Expansion. First, we find a count-
able set of functions, {¢; }rken, @i : [0,1] — R, such that fol K(t,s)p(s)ds =
Aoy (t) for each k. Then, we may write K (t,s) = > po o ey (t)pr(s). Then,
the Gaussian process with covariance K (t,s) is Gy = > oo VA€o (t), where
{&,}ken are independent, identically distributed standard Gaussian random
variables.

To find a Karhunen-Loeve expansion, solve Ap(t) = fol E(BsBy)p(s)ds,
subject to the boundary conditions implied by the original equation, such as
©(0) = 0, and the fact that {¢}}ren should be orthonormal.

The Karhunen-Loeve Expansion is useful to calculate certain integrals. For

example, if Gy = Y72 VAk&p(t) for some {(Ag, @) }een, then we have:

1
I 1
E(eXP(—§/0 Grdt)) = ] NiEamn
kEN



This may be evaluated for any expansion for which this will converge.

5 Stochastic Differential Equations
The most general form of a stochastic differential equation is:

XN

tn41

= Xt]Z + b(Xt]X7 {gtk}kgn)At + U(Xt]:i’ {gtk}kgn) \ Atgtn+1

where b and o are fixed functions that may depend on random inputs which de-
pend only on past values of the random variable £, . Under certain conditions,
X} will converge is in distribution to X;, with supy<,<p B|X; — XN | < C1vV/At
and supy<, <7 |E(f(Ey)) — E(f(X}))| < CoAt, where At = +-.

The simplest example is the Weiner Process, which has b = 0 and o = 1.
Two other ways of writing this stochastic differential equation are

Xt]Z+1 = XtJZ + b(XtJXv {Wtk }kﬁn)At + O-(Xt]Z’ {Wtk }kgn) At(Wt"+l B th)
dXe = b(Xe, Wio)dt + o (Xe, Wio,)dWy

The latter of these suggests the solution
t t
Xt :SCO+/ b(XS,W[O7S])dS+/ O'(XS,W[QS])dWs
0 0

5.1 It6 Isometries and Formula
Theorem 14 E([; b(W)dW,) = 0. E((fy b(W)dW,)?) = [ E(b(W)?)ds.
Theorem 15 (1t6’s formula) If dX; = b(X:)dt + o(X:)dW; and Yy = f(Xy),

then d}/f = df(Xt) = f/(Xt)(b(Xt)dt + U(Xf)th) + %f”(Xt)O'(Xt)zdt. Note
that this last term makes this formula different from the standard chain rule.

Corollary 16 If we have Y; = g(X3,t) and dX; = b(Xy)dt + o(X¢)dWs, then

dg(Xe,t) = 5%g(Xs,t)dX, + %%g()(t,t)g(xt)?dt + 2g(Xy, t)dt.  (This is

the same formula above except for the final time component.)

Corollary 17 E((f! f(Wo)dW,)(J! f(W,)dWy)) = [ B(f(W,)2)ds. (This
can help find covariances.)

In addition, if dX, = b(X,)dt + o(X;)dW; and dY; = ¢(Y;)dt + 7(Y})dt, for
the same realization of dW;, then:

A(X,Y;) = YidX, + X,dY, + o(X,)7(Yy)dt

More generally, we note that dW? = dt and fot dWs =t.



5.2 Solving Stochastic Differential Equations

Let f(t) be any function. Given a stochastic differential equation for X, define
Y:; = f(t)X;. Then,

ay; = d(f(t)Xy)
= flt)Xedt + f(t)dX;
= (f'(t) X + f(£)b(Xy))dt + f(t)o(t)dW;

In some cases, we may choose f(t) so that the coefficient on d¢ does not depend
on X;. In that case, we find that f(¢)X; is the sum of a fixed function of ¢t and
an integral with respect to dW;; we may understand the latter by noting that
its expected value is 0 and we may calculate its covariance as well using the Ito
Isometries.

Let f(x) be any function. Given the stochastic differential equation dX; =
b(Xy)dt + o(X¢)dWy, we may set Y; = f(X¢) and then find:

d(f(Xz))
f(Xy)dX, + %f“(Xt)a2(Xt)dt

dYy

1
= (f'(X)b(Xy) + §f”(Xt)02(Xt))dt + f1(X1)o(Xi)dW,
As before, we may be able to choose f(t) so that the coefficient on dt is 0.

5.3 Approximation Schemes for stochastic differential equa-
tions

We may write X;1ar = Xt + fHAt b(X,)ds + fHAt X;)dWs. A first ap-

proximation of this is Xt+At ~ X; + b(Xt)At + O'(Xt)(WH_At Wi). As with
other stochastic approximations, this must be evaluated at the beginning of
each interval, not at intermediate points. We evaluate this approximation by
noting that supy<,<r F(|X; — X;|) < Cv/At (and the approximation is of strong

order 3) and supg<i<r [E(f(Xy)) — E(f()/(\t))| < CAt for suitable test functions
f (and the approximation is of weak order 1). To improve this, we may use
higher order terms as well.

6 Path Integral Representations of Stochastic
Differential Equations

J f(hio,r)) exp(— fo (h'(t) — b(h(t)))dt)dHo 1)
fexp -3 fo (h'(t) — b(h( )))dt)dH[07T]

This allows us to compute expectations for the stochastic process defined by
dX; = b(Xy, t)dt + o(Xy,t)dW; with Xg = = in terms of expectations of the

E(f(X)) =




Weiner process:
T 1 (7
B( (X)) = EG W) expl | vy =5 [ v 2an)

6.1 The Girsanov Principle
Suppose dX; = b(X;)dt + dW; and dY; = ¢(X;)dt + dW;. Then,

B (X)) = B Vo) ex( | 000=e(¥)d¥im [ ey @0 —cvi)derg [ 00=c(v)?an)

7 The Fokker-Planck Equations

Let dX; = b(X;)dt + o(X)dWs, with Xo = . Define p¥(y) by f[a b pF(y)dy =
P(X; € [a,b]); that is, pf (y) is the probability density function of X; for a fixed
t. In addition, define u(x,t) = E(f(X7)). Note that:

u(e t) = B(f(X7)) = /R F)pFw)dy

7.1 The Forward Kolmogorov Equation

The Forward Kolmogorov Equation:

2
S 0) =~ 5 W) + 555 (W)

In addition, we have the boundary conditions that lim;_q+ p¥(y) = d(x — y),
since Xo = @, and lim,_, a%pf(y) = 0, because this is a pdf. We will later

define: 5 L o2
—8—y(b(y)f(y)) + 29,2

so that we have the equation 2pf(y) = A*(pf (y)).
There is a "statistical steady state" — that is, a limiting distribution — if
p¥ (y) has a limit, in which case there is a finite solution to

A*(f(y) = (@) )

0 = ~ZOWREW) + o (0 W)
Pi(y) = Ugfy) exp( [ :%dy)

7.2 The Backward Kolmogorov Equation

2
(@) = (ba) o+ 50°(@) o) ()



(The A* defined above satisfies [, g(x)A(f(z))dx = [, f(z)A*(g(z))dz for any
functions f and g.)
Using this function in the formula above, we find the Backward Kolmogorov

equation:

D0 = o) oo pE(9) + 50 (@) 53t (y) = Al (1)

subject to the boundary condition that lim,_q+ p¥(y) = 6(z — y).



