Mathematical Statistics (NYU, Spring 2003)
Summary (answers to his potential exam questions)
By Rebecca Sela

1 Sufficient statistic theorem (1)
Let Xi,..., X, be a sample from the distribution f(z,6). Let T(Xy,...,X,) be

a sufficient statistic for 6 with continuous factor function F(T(Xy, ..., X,),0).
Then,

P(X ¢ A|T()?) t) =

= lim

h—0 ’T (X)—t| <n)/n
 4p(XeATX)<t)
SP(T(X) <1)
Consider first the numerator:
ip()? e ATX)<t)= i/ f(x1,0)...f(zn, 0)day...dxy
dt dt J an{z1(3)=ty
d .

= — F(T(%),0), h(Z)dz;...dx,
dt Aﬁ{i‘T(Z t)

= lim — / F(T(%),0), h(Z)dz;...dx,
h—0 h AN{Z:|T(Z)—t|<h}

Since mingepy,i4n) F(5,0) < F(t,0) < maxyeps,¢4pn) on the interval [¢,t + h],
we find:

lim( min Fs@—/ h(Z)dz < lim — / T(Z),0)h(Z)dz
fHO(ee[ttJrh] ( ))h AN{Z:||T (&) —t||<h} @ h—0 h AN{Z:||T(&)—t||<h} FT@, 0)h(@)
< lim( max F(s,0 —/ h(Z)dx
’Ho(se[tﬂrh] (s ))h AN{:||T(Z)—t||<h} (@)

By the continuity of F(t,0), limy_o(mingep s4n) F (s, 0))% fAr‘]{:E:HT(f)ftHSh} hZ)dE =
limp, o (maxsep 115 F(s,0))+ fAm{f:HT(f)—tth} h(Z)dZ = F(t,0). Thus,

1
lim — / F(T(Z),0), h(Z)dxy...dx,, = F(t,6)lim — h(Z)dz
h—0 h J An(z:|7(z)—t|<h} h—0 b J A (& |7 (@) —t|<h}

Ft,0)2L / h(#)d7
dt Jan{zT(@)<t)



If we let A be all of R", then we have the case of the denominator. Thus,
we find:

F(t.0)% [angzr@<n MT)AT
F(t0) 2 [ oo M@)di

P(X e AT(X)=t)=

d
at fAn{f:T(f)gt}
d — —
d&t f{g‘c’:T(f)gt} h(@)dz
which is not a function of 6.

Thus, P(X € A|T(X) =t) does not depend on 6 when T'(X) is a sufficient
statistic.

2 Examples of sufficient statistics (2)

2.1 Uniform
Suppose f(z,0) = 51(0,0)(x). Then,

[[r@.0) = ain 11 0.0 (X:)

1 .
= 9_71[(—0079) (max X;) (0,00 (min X;)

Let F(max X;,0) = 5= 1(_oo g)(max X;) and h(X1, ..., Xp) = (0,00)(min X;).
This is a factorization of Hf(xi,e), so max X; is a sufficient statistic for the
uniform distribution.

2.2 Binomial
Suppose f(x,6) = 6%(1 — 6)'~% @ = 0,1. Then, [] f(z:,0) = 62" (1 -
027 Lot T(w1, .y 2a) = Y Xy, F(£,0) = 0°(1—0)"~", and A1, .., ) =

1. This is a factorization of H f(x;,0), which shows that T'(z1, ..., z,,) = Z X;
is a sufficient statistic.

2.3 Normal

Suppose f(x,pu,0?) = \/2;767#(307“)2. Then,

Hf(xi,,u,,UQ) = (271'0’2)_"/26*# Z(mi—p,)g

= (2%02)_"/26*# Y (xi=2)® o~ ghyn(@—pn)?



since

Z(mi —2)’+n@—p = Z(m — 22,7 + %) + n(Z? — 2uT + p?)

= Zx? — 2%(nz) + nz® 4+ nz? — 2nux + np’

= > @l -2y wi+np’

= Y2+ )

= Y (mi—p)’

Case 1: 02 unknown, p known.

Let T(x1,...,mn) = > (xi—p)?, F(t,0%) = (27‘1’0‘2)_”/267#t7 and h(zq, ..., x,) =
1. This is a factorization of [] f(z;,0?).

Case 2: o2 known, p unknown.

Let T(z1,...x) =T, F(t, u) = e 27@ " and W1, ..an) = (2m02) /26" 27 N
This is a factorization of [] f(x, ).

Case 3: p unknown, o2 unknown.

Let T1 (21, ...wp) = T, Ta (21, ...2p) = Y. (1;—7)%, F(t1,t2, u,0%) = (27r(72)’”/267#t267#"(“7“)2,
and h(z1,...,x2,) = 1. This is a factorization.

3 Rao-Blackwell Theorem (3)

Let X1, ..., X;, be a sample from the distribution f(z,6). LetY =Y (Xq,..., X,)
be an unbiased estimator of . Let T = T(X3, ..., X,,) be a sufficient statistics
for 0. Let o(t) = E(Y|T =t).

Lemma 1 E(E(g(Y)|T)) = E(9(Y)), for all functions g.

Proof.

E(E(g(Y)|T)) = /j"
/jo (/ g() f(y|t)dy) f(t)dt

/_Z /_iog(y)f(y,t)dydt

/0; g(y)(/ioo fly, t)dt)dy

E(g(Y)|T)f(t)dt

/ W) i)y
= E(9(y))



]
Step 1: ¢(t) does not depend on 6.

@(t) = / y(xlv ...,{L‘n)f(fﬂl, ...7$n|T(£E1, 7xn) = t)dxldmn

Since T'(x1, ..., 2, ) is a sufficient statistic, f(z1, ..., zn|T (21, ..., 2, ) does not
depend on 6. Since y(z1, ..., x,) is an estimator, it is not a function of §. Thus,
the integral of their product over R™ does not depend on 6.

Step 2: ©(t) is unbiased.

E(p(t)) = E(EXYIT))
E(Y)
— 9 (1)

by the lemma above.
Step 3: Var(e(t)) < Var(Y)

Var(o(T)) E(E(Y|T)?) — E(E(Y|T))?
E(E(Y?|T)) - E(Y)?
= EY?* - E(®Y)?

= Var(Y)

IN

Thus, conditioning an unbiased estimator on the sufficient statistic gives a
new unbiased estimator with variance at most that of the old estimator.

4 Some properties of the derivative of the log
(4)

Let X have the distribution function f(z,0y). Let Y = a%log F(X,0)|o=0,-
Notice that, by the chain rule, a% log f(z,0) = ﬁ(%f{xﬂ)). Using this



fact, we find:

B35 105 (X, 0)0-0,)

oo

0
= | 55108 F(X.O)loman f(X.00)aX

0
B /_wm(@f (2,0)l=,) (X, 60)dX

o0

0
= /. %f(%@)\ev:aodX

E(Y) =

8 o0
= 5t @0l

0 o, 1
8ezlogf(aa 0) = —(

! Ll _ (9

1o 1 9
e a2 @0~ G gy ag @0

1 92 )
f(x 0) 92 f(z,0) — (89 log f(z, 9))

2
E(%logf(mﬁ)b:eo) :/ f:ce egf ,0)lo=00 — ( 7 108 f(2,0) lo=0,)*dz

- / f; 9) ang 2 0)lo=pode - / (108 1(,0) o0,
0
= 302 / f f(z,0)dx)|g=0, — ((30 log f(x,0)|9=,)%)

_ 392( oo — ((aaelogf(:c 0)lo=0,)%)

= _ ((%logf(x 0)|o=6,)%)

Thus, the expected value of Y is zero, and the variance of Y is —E(aa—;2 log f(x,0)]s=0,),
which is defined as the information function, 1(0).



5 The Cramer-Rao lower bound (5)

Let T be an unbiased estimator based on a sample X , from the distribution

f(x,0).

By the Cauchy-Schwartz Inequality,

E(AB)?

both sides of the equation above and applying this, we find:

Since the sample is independent and identically distributed,

( 0

2,
26 8

E(T(X) -

E(T(X) -

Var(T)E((

(f(X,0)))

)5
0)*)E

00

-

0 og £(X,0))?

(55108 F(X.0))°

9 1og £(X.0))%)

n

s toe([] £(e:.0))?

=1

n

Z

log f xh

< B(A?)E(B?

)

(35 2 0 0

2

Then, E(T) = 6. We take the derivative of this equation to find:

). Squaring



(Y - 1og Sz 0)7) = Var(y o 1og f(a:,0)
i i=1

s
Il
-

= Z Var(% log f(z;,6))
i=1

n- Var(% log f(x;,0))

- n. E((%logf(!ri,e))2)

= nl(6)

Thub 1 < Var(T)(nI(0)) and the variance of an unbiased estimator is at

least — (9)

6 Where the Cramer-Rao lower bound fails to
hold (6)

Let X be distributed uniform on (0,6). That is, f(z,0) = §I(z). Let
Y = max X;. Then,

PY < y)=PX1,..Xn<y)o0)(y)
= ([[PXi <)o) () (10)
= (I90o® (1)
= Lloo®) (12)
d
fly) = d—yP(YSy)
= ny;_ T0,6)(y)

Il
S—
R

3
<b|<@
3 3

IS

<




Var(Y) = E(Y?) - E(Y)?
_ n 02_( n
n+1

2
n+2 %)
6271 +2n% +n —nd —2n?

(n+2)(n+1)2
92+
(n+2)(n+1)2

Since E(Y) = 150, E(21Y) = 6, and 2! max X;; is an unbiased estimator

of . The variance of this estimator is given by

n+1 9 n n+1
Var( Y) = 0 (n—|—2)(n+1)2( " )?
1
B 02n(n+2)

which is of order # (and would therefore violate the Cramer-Rao lower bound
if it applied).

7 Maximum likelihood estimators for various dis-
tributions (7)

7.1 Normal
n - N 2
1/ (im0 = (Gz)"/2e mn B
i=1
log f(x1, ..., Tp, i, 0%) = ——log (27m0?) ~ 53 Z
1o} 1 &
- 10gf(.’1:17 ceey Ty Wy 0'2) = ——2 (ml — l’[’)
op 0%~
n. _
= *;(JC*M)



0
—logf(xl,...,mn,u,og)

n 1 ” 9
90° “202 T 3022 ;(”” —

If 1 is unknown, then we set % log f(21, ..., Tn, g1, 02) = 0 to find that T is
the maximum likelihood estimator of .

If 02 is unknown and g is known, then we set a%fQ log f(x1, s Tp, 1, 0%) =0
and solve to find that the maximum likelihood estimator of 2 is % S (mi—p)2.

If both g and o2 are unknown, then we estimate p using its maximum
likelihood estimator Z (which does not depend on 0?). We use this estimate
of u to maximize with respect to o2 and find that the maximum likelihood

estimator of 02 is 237" | (z; — 2)2.

7.2 Bernoulli
flz,0)=60"(1—-60)""2=0,1

f(xly ~--7=’Bn,9) = 02 xl(l . 9)71,—2 i

log f(21,...,xpn,0) = (Z x;)logf + (n — sz) log(1 —6)

EIng(xl,...,xn,@) _oXT . n—

ol 0 1-6
_ 1=0)>a; —0(n—> =)
0(1—19)
B 0—z
 nf(1-0)

Setting the derivative equal to zero, we find that the maximum likelihood
estimator of 0 is X.

7.3 Poisson

1
f(z,0) = ;eme—‘),x =0,1,2,..

F(@1s s 0,0) = 0% ([ =)

X

log f(21,...,zpn,0) = —nb + le log 6 — Zlog(mi!)



9 1
%logf(:m,...,xmg) = *”Jrgzmi
n

= 7@-0)

Thus, the maximum likelihood estimator of 6 is T.

7.4 Uniform

£(2,6) = 2T00)(2)

1 n
f(ﬂfl,...71'n,9) = e_nZl;[lI(O,@)(xl)

= WI(O’G) (max .%‘l)

Since eL" is strictly decreasing, we maximize it by choosing the smallest 6
such that max X; < 6. That is, the maximum likelihood estimator of 6 is
max X;.

7.5 Gamma (with § unknown)

_ 1 a—1_—z/
f(:ma,ﬁ) - Bar(a)x 16 p

Fontns008) = G (L e h =

i=1

log f(z1, ..., xn,0) = —nalog f —nlog'(a) + (o — 1) Zlog:ci L

B
0 na 1
gg o8 @ an0) = =Tt 53
1
= ?(Z z; — naf)
The derivative is 0 for § = % Thus, Z/« is the maximum likelihood

estimator.

10



8 The likelihood equation will have a solution
(8)

Let x1,...,2, be a sample from the distribution f(z,0y). By the Law of
Large Numbers, the sequence {1 3" ' Y;} converges to E(Y4) with proba-
bility 1. In particular, the sequence {1 Y% % log f(x;,0)]0=0,} converges
to E(a%log f(z,0)]p=p,) = 0, and the sequence {% S g—;log f(xi,0)|o=0,}
converges to E(aa—;2 log f(z,8)|p=0,) = —I(0), with probability 1. Let g,(0) =
%2?21 % log f(x;,0). Then, lim, o gn(0g) = 0 and lim,, o g,,(00) = —I1(6p) #
0.

Let € > 0 be given. By the Taylor expansion,

gn(0) = gn(00) + 9,(00)(0 — 60), |6 — bo| <&

For sufficiently large n, then,

gn(0) = —I(60)(0 — bo)
1

——q (0 = —I(0
0_ 90 gn( 0) ( 0)
Since —I(fp) < 0 in the interval (g — €, 0 + €) while § — 0 is both positive
and negative in that interval, ¢,(f) must change sign in this interval as well.
Since g,(f) is continuous, this means 1 37" | 2 log f(z;,0) = g,(0) = 0 in

this interval, and the likelihood equation has a solution in (6 — €,6 + ¢) with
probability one for large n.

9 The limiting distribution of the maximum like-
lihood estimators (9)

Let 1, ..., 2, be asample from the distribution f(z,6y). Recall that E(% log f(z,0)]g=0, =
0) and that Var(% log f(x,0)|p=0,) = E((% log f(,0)|6=0,)%) = I(0g). Thus,
by the Central Limit Theorem, % S % log f(2;,0)]o=p, has a normal limit-
ing distribution with mean 0 and variance I(y). By the Law of Large Numbers,
. 2 . 2
smce E(% IOg f(.]], 9)|9=00) = _1(90)7 limy, o0 % 111 % 1Og f(xa 0)|9=90 =
—1(6o) with probability one.
Consider ﬁ S % log f(x;,0). Using the Taylor expansion about 0, we
find:

1 n 0 1 n 9 1 n 82
— N2, N~ —N"92 ' I IR A | o
\/ﬁzzzl 59 108 f(x:,0) NG z:zl 50 ng(mz,9)|9790+\/ﬁizzl o og f(,0)|0=0,(0—00)

11



in a neighborhood of 6y. For large n, there is a solution to the likelihood
equation in this neighborhood with probability one. Let 6,, be this solution.
Then, we have:

1 &0
0 — %Zﬁlogf(miﬁ)b:én

n 2

fzae log f(x,0)|o=a, + vV1(0n )(12592 log f (s, 0)|o=a,)

%

Substituting in the limit, for lim, . + ) S 692 log f(z,6)]o=0, = —I1(00)
and solving for /7(6,, — 0y), we find:

VAo =0~ 75 (3 g 108 o)

The right hand side is the product of —+— 1(9 3 and a normal variable with mean
0 and variance I(fp); that is, a normal variable with mean 0 and variance

I(—elo)—z I(6o) = ﬁ. Thus, /n(6, — 0)"N(0, I(éo))'

10 Confidence Intervals for Various Distributions
(10)

10.1 Normal, 0? known:

Let X~ Normal(p,o?), w1th 02 known. Let a < 1 be given (this is the confi-
dence level). Set Z = 7“. Then, Z"Normal(0,1). Choose z,/5 such that

B(20/2) = [0/ ¢(2)dz = 1 — &. Then, by symmetry:

l—a = P(—2a2 <7< 2q)0)

(=
(—za
P( a'za/2<X M<O’Za/2)
= P(X — 2420 <t < X + 24/20)

|
"U

— K S za/2)

and (X — 24720, X + 24/20) is a 1 — « confidence interval for pu.

If we choose a sample of size n, then X~ Normal(u, ”Tf), and then

l—a = P(-z42 < /\/— £ < Za)2)

o
= P(X—Za/2% <u< X+Za/2%)

so that (X — 20/2%, X+ za/Q%) is a 1 — « confidence interval for p.

12



10.2 Normal, 0? unknown:

Let X1, ..., X, be a sample from the distribution Normal(u, 02). Then, X~ Normal(u, %2)
and s> = =31 (X, — X)? is distributed x* with n — 1 degrees of freedom,

n—

X—p —
so that T = 2/ = XL hag a t-distribution with n — 1 degrees
V(n-1Z)/(n-1) ¥V
of freedom. Choose t,/3,,—1 such that P(T' < t,/2,,—1) = 1 — 5. Then, by

symmetry,

1
S ta/2,n71)

s/v/n

_ S — S
= PX —tappn1—= S p < Xttapn

7 v

and (X — to/on-1==,X + ta/g’n,lﬁ) is a 1 — a confidence interval for p.

l—a = P(_ta/Q,nfl <

n’

If n is sufficiently large, then the t-distribution with n—1 degrees of freedom
is approximately the standard normal distribution, and /2,1 & 24/2.

10.3 Binomial:

If X is a Bernoulli random variable (with probability 6 of success) then, by the
Central Limit Theorem, X is distributed approximately normal with mean 6
and variance (1 — ). Since 6 is unknown, we must approximate the variance.
Note that (1 —0) < 0.5(1 — 0.5) = 0.25 for all values of #. Thus, 0.25 is a
conservative estimate of the variance and we may use normal confidence intervals
with this estimate of the variance.

10.4 Non-normal, large sample:

We may use the Central Limit Theorem and the fact that the maximum likeli-
hood estimator is approximately normally distributed with mean 6 and variance
I(6) to construct an approximate confidence interval using the methods above.

(We should estimate I(6) by I(f) or by some upper bound, as in the binomial
case.)

11 The sum of normals squared is chi-squared
(11)

Let Xj,..., X, be a sample from a standard normal distribution. Consider the
cumulative distribution function of Y"1 | X2

13



IA

P(zn: X2
=1

y) :/ fx1, ey Tn, 0)dzy...day,
{z1,.2n:Y 22<y}

— / (27'(')7”/2672 w?d:ﬂlu-dwn
{11,“."37&2 mey}

Taking the derivative with respect to y, we find:

fl) = PSP <y)

d
= — (2m) V2" X i dzy...de,
dy {1, ) r?ﬁy}

Recallthat i [o, ooy ooy F(T(@1, e 20), 0)h(zy, ooy 2n )y dy, =
F(t,0)% Jeorr wniTr, )=ty M(@1, -, Tn)d@1 . .dwy,. Thus, we find:
d

f(y) _ (271_)*71/26*7461_ dajldﬂ]‘n
Y J{z1,. w0y z?<y}

Notice that f{wl e 22 <y) dx1...dx, is the volume of an n-ball of radius

y, which is proportional to y™/2. Thus, % f{xl,...znzz 2<y) dzi...dz, is pro-
portional to %y%’l. Thus, f(y) is proportional to e ¥y%~!, which is the
Gamma(%,1) = x2 distribution. Thus, -7 ; X? has a chi-squared distribu-

tion with n degrees of freedom.

12 Independence of the estimated mean and stan-
dard deviation (12)

Let X1,...X,, be a sample from a Normal(u,o?) distribution. Set Z; = L;H
Then, Z1, ..., Z, are distributed Normal(0,1). Let U = \/nZ and V = (n —
1)s? = 32(Z; — Z)?. The joint distribution function of these two variables is
given by:

F(u,v) :/ (2m) "2~ X %l qz,..d7Z,
{Ziyee.Zpiv/mZ<u,(n—1)s2<v}
Let P be any real orthonormal matrix with first row (%, e ﬁ), such a

matrix exists because this vector is of length one and we may apply the Gram-
Schmidt orthogonalization. Set Y = PZ. Then, Y7 = % St Zi=U. Since

orthogonal matrices preserve inner products, Z?:l Y2 = Z?zl Z% and V =
Se(Zi—2)2 =" Z2—nZ? =" Y2 Y2 =" ,Y?2 Substituting
Y1,....,Y, for Z, ..., Z, in the joint distribution function above, we find:

14



/ (2m) 22 Y qYy .. dY,
(Y1, Y Vi<u, Y7, Y2<v}

u
(2@*”/2(/ erle)(/{Y o e }eZLﬂdeQ...dYn)
- 2y ¥ni) o YOSV

Thus, we see that the density function factors, meaning that U and V are
independent. Furthermore, the factor containing U = y/nZ is of the form of
a standard normal random variable, and the factor containing V = (n — 1)s?
is of the form of a x? random variable with n — 1 degrees of freedom. Since

U=ynZ=\/n=tandV = (n—1)s? = Z(Xia_“ - X;#)Q = Z(X;;X)Q =
52/(:2_ U we have shown that VnEL and f(;”‘z—_l) are independent, with the

former normally distributed and the latter distributed chi-square.

13 The t-distribution (13)

Let X be a standard normal random variable and Y an independently distrib-
uted chi-square variable with n degrees of freedom. Let T = \/LT The T is
y/n

distributed with a t-distribution with n degrees of freedom.
If X4,...,X,, are independently distributed normal random variables, then

j(/\_/% and (";)52 are independently distributed standard normal and chi-square
with n — 1 degrees of freedom random variables respectively. Thus,

has a t-distribution with n — 1 degrees of freedom.

14 Some facts about hypothesis tests, levels of
significance, and power (14)

Let the paramter space be the disjoint union of Hy and H;. A hypothesis test
is a mapping from a sample X7, ..., X, to the set {Hp, H1}. The inverse image
of Hy is called the critical region, C. Py(C) = P(C|0) is the probability of
rejecting Hy if 6 is the true parameter value; this is called the power function.
The level of significance, which is the maximum probability of a false rejection,

is supge g, Po(C).

15



14.1 A simple normal hypothesis test

Suppose X is distributed Normal(u,o?), with 02 known. Let Ho = {u: i <
ot and Hy = {p:p> pg}. Let Cy ={z:2z > p}. Then,

Pu(Cr) = Bu(X > p)

X—p  po—H
= P >0 =
u(— . )

— 1_@(M)
g

Since @ is an increasing function, the function above is maximized by choos-
ing the largest possible p is Hy. Therefore, the level of significance is:

sup P,(Ch) = 1- p(Ho—Hoy
n<pq o
1 1
= 1 —_—_- = =
2 2

Consider a second critical region: Cy = {X : X > py + za%} Then,

- o
P(Co) = Pu(X>pg+ Za%)
X —p Mot Zaﬁ —H
= Pu( > )
g a/f a/n
= 1- —|— Zo
220 E +z)
Then the level of significance is:
sup P,(C2) = sup 1— (I>('u0 + 24)
u<pg <o a/vn
= 1—P(z4)
= l-«a

15 The Neyman-Pearson Lemma (15)

Theorem 2 Let X be a sample from the distribution f(x;0). Let Hy and Hy be
H f(zi,01)

H F@i00)

Define a critical region C C R™ for a given A € R by C = {Z € R™: R( 7) > A\};
that is, reject when R(Z) > A. If D is the critical region for any test such that

the simple hypotheses Hy : 0 = 0 and Hy : = ;. Define R(X )

16



Py, (D) < Py, (C) then Py, (D) < Py, (C). (The test based on the likelihood
ration is the most powerful for a given level of significance.)

Proof. For any A C R", define Py(A) = [, H fx;, 00)dzy...dz,, and Py(A) =

n

Ja T1 f(@i,01)dy...dxy.  Thus, we want to show that Py(D) < Po(C) implies
i=1

that Py (D) < Py(C). Let D be given. Then:

P (DNnCY) = / f(xi,601)dey...dx,
D{Z:R(Z)<A} ;-
DN{Z:R(F)<\} i1

A H f(xl, eo)dfﬂldl’n

i=1

IN

/Dm{f:R(f)@\}
APy(DNCY)

n

Pl(DCﬂC) = / Hf($z,91)dI1d$n

DEN{#R(&)>A} ;-1

= / R(@) [ ] f(=i,00)dey...da,,
DCN{F:R(Z)>\} i

A flz;,00)dx...dxy,
/DCn{f:R(f)ZA} g (i, Bo)doy

= AP(DYNnC)

>

Combining these facts, we find:
Pi(D) = P(DNC)+ P (DNC)
Pi(DNC)+ APy (DNCY)
P (DNC)+ NPo(D) - Po(DNC))
)
)
)

I IA

IN

(
(
PU(DNC)+ AP(C) — Py (DN C))
Pi(DNC)+ MNPy(Cn DY)
(
(

IN

P(DNC)+ P (CN DY)
C)

I
~

16 The likelihood ratio test for the normal dis-
tribution (16)

Suppose X is a sample from the distribution Normal(u,c?). Let the null
hypothesis be Hy : 1 = jig, 0> unknown. Let the alternative hypothesis be

17



Hi : pu # pg, o2 unknown. The likelihood function of this distribution is:

e*#(xi*#)g

2mo?

L(M? UQaX) = H(
=1

_ (27702)771/26—2%2 S (Xi—

Under the null hypothesis, ﬁ = g, S0 we maximize the likelihood function
with respect to o2:

5 2
log L(p, 0%, X) = —Elog (2mo?) ~ 5 22

0 P N n 1
5oz g Lu, 0%, X) = _§+WZ(X

29 1
g = E Z(Xz
Under the alternative hypothesis, we have the maximum likelihood esti-
mates: i =X and 6° = 1 3 (X; — X)2.
Then, the likelihood ratio of the null and alternative hypotheses is:

= (f_)e T D (Xi— ) 4k T (X—)?
= (Z(Xl — X)Q )n/2 —n4n
> (Xi— N_0)2
(T XP
2 (X = p)?
Recall that > (X; — p)? = S2(X; — X)2 +n(X — )3,

- (X —p1g)?
L+ ns=2%
is a decreasing function of n% ( \/P(—lg/o\‘/_) = ( \/Tle)Q, which is

an increasing function of the t-statistic. Thus, A is minimized if and only if the
t-statistic is large, and a t-test is a likelihood ratio test.

18



17 Linear combinations of multivariate normals
(and MGF’s) (17)

17.1 Case 1: Standard Normal

The moment generating function for a standard normal variable, Z , is given by:
E(eFZ) - E(ez tizi)

E(e'%)

I
s

<.
I
—

I
—3

o

D=

<o

<.
Il
—_

17.2 Case 2: General normal

Let X be a multivariate normal random vector with distribution N ormal,, (i, X).
Then, we may write X = X/2Z + [i, where [ is distributed Normal,,(0,1).
Then, the moment generating function is:

E(eF)Z) _ E<6F(El/22+ﬁ)

|
3
=
S|
—
Q/\
™
[
~
N
RS
I\
N—

17.3 Case 3: Linear combinations of normal variables
LetY = BX , where B is not necessarily symmetric, invertible, or square. Then,
Y = BX = BXY27 + Bji, and its moment generating function is:

E(e‘??) _ E(eF(le/QZ+Bﬁ))
e?BﬁE(e?BEl/QZ)
|’21/23'ﬂ|2

7|

2
%(/21/23/5/(/21/23/5
1

2



Thus, Y = BX is also multivariate normal, with mean By and covariance
matrix BY.B'.

18 The estimated regression coefficients mini-

mize the estimated errors (18)

Let X be a vector of length n and A be an n x k£ matrix of rank k. Let
0= (A'"A)"*A’X. Then,

| - a8 H)z_AmA;_A;HQ

- |x- A9 + HA@- A§H2 +2(X — AGY(AF — AB)

The last term is zero:

>,

(X — A0)(A6— AB) — X'A0— X'AG— G/ A'AG+GA'AG
= X'AAA)TTAX —X'AG— X' AN A)TA AN A) A X + XTAAA) A AG
= X'AWA)TAX - X'A0 - X'A(AA) T AX + X' A6
= 0
Thus,
N S112 o 2, 2 2, . 2
HX - AGH — HX — A9 + HA9 - AHH

Since X , A, and therefore g are all fixed, we minimize the expression above

- 2 112 -
by choosing 6 in the second term. Since HAH — A@H > 0 for all values of 8, we

-5 2 112 _, TP
choose 6 = 6, so that HAG — A9H =0 and HX — AQH is minimized.

19 The properties of the least squares coeffi-
cients (19)

§uppose X is a random vector with mean Af and covariance matrix o2I. Let
6= (A'A)"1A’X. Then,
E(f) = E((AA)A'X)
(A’A)"TA'E(X)
(A’A)~1A A6
=4

20



Cov(d) = Cov((A'A)A'X)
— (AA) A (0T A(AA)
o?(A'A)?

If X is normally distributed, then g is a linear transformation of X and thus
is normally distributed as well.

20 Estimating the variance of the least squares
coefficients (20)

Suppose Xisa muAltivariate normal random vector with mean A and covariance
matrix 02, Let § = (A/A)1A'X.
Let V € RF be any vector. Then,
. . . L2

(X + AV) — A(A'A) 1A (X + AV) H

. . . 2
= |[X + a7V - A aX - A(A’A)—lA’AVH

" _ 2 12
- X+AV—A0—AVH

o a012
= ||X — Af

Thus, we may replace X be X + AV and re-estimate 6 for this new vector
without changing the differer}ce between the observed vector and its distance
from the predicted vector, Af. In particular, we may choose V = —6 and set
Y = X — A0, so that E(Y) = E(X — Af) = E(X) — AG = 0. Since we are
adding a fixed number to X to give }7, the covariance matrix does not change,
and Cov(Y) = 021

Let €1, ..., €, be an orthonormal basis for the column space of A (such a basis
exists by the Gram-Schmidt algorithm and the rank of A). Choose €41, ..., €y
such that {é,...,&,} is an orthonormal basis for R”. Since Y € R™, we may
write Y = Z?:l(}_}’ €;)€;. This is a linear combination of fixed basis vectors
with random coefficients, {Y’éy,...,Y’&,}. The moments of these coefficients
are:
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Cov(Y'é;,Y'en) = Cou(eY,Y'ep)

Thus, the coefficients {Y'&,,...,Y'&,} have mean zero and covariance matrix

o%I. Since A9 is the projection of Y onto the column space of A, that is, the

span of {é1, ..., €}, Af = E:izl(Y'é’j)é’j7 so that Y — Af = Zi:kH(Y €;)€j, and
A2 A2

[V = 46| = S0 (78)2 Then, B(|V — 48] ) = B(ZL,,. (7)) =

—

S B((Y'€))?) =301 0% = (n—k)o?, since there is zero mean and zero
covariance.

21 The joint distribution of the least squares es-
timates (21)

Suppose X is a multivariate normal random vector with mean Af and covariance
matrix 02I. Let § = (A/A)"1A'X

In this case, recall that fis normally distributed with mean 6 and covariance
matrix o2(A’A)~!

In the previous theorem, we showed that we may normalize X by subtracting
its expected value; thus, we assume that X has zero mean. Then, we may write

o - b o S S

X = YL (XE)5, Al = T (X8)E, and ||X - 48] = S, (X&),

where the coefficients {X’é1, ..., X'é,} have mean zero and covariance matrix

02?I. Then, & Z?:kﬂ(xg/fj )? is the sum of n—k independent standard
normal random Vaurlables7 which has a chi-squared distribution with n—k& degrees
of freedom.

Since = (A'A) T A (X1, (X'€))é)) = Yoy (X'€)) (A A) " A'¢j and A'd; =

0 when j > k (since €; is orthogonal to the column space of A in this case), g de-

pends only on {(X'é1), ..., (X'éx)}. H—“— depends only on {(X'€41), ..., (X'E,)}.

Since all the (X '€;) are independent, these two sets are independent, 9 and

X—aidl” .
are independent.

o2
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22 Prediction error (22)

Suppose X is a multivariate normal random vector with mean A6 and covariance
matrix 021, Let § = (APA)TA'X. Let 52 = L HX - AéHZ. Let X,,41 be a
new observation with associated inputs &, which is independenE of all previous
observations. Thein, the predicted value of X, 11 is Xn+]_ = 62/5, and the error

of prediction is ag— Xpi1 = d"(A’A)’lA’X — Xpt1. The distribution of the
error of prediction is:

E(@AA)TAX - Xpp1) = E(Xpp)—d (AA)TAE(X)
a'0—a(AA)TTA A6
— dd-ad
0
Var(&'g— Xn+1) = Var(&/é) + Var(Xn+1)

= ad(c*(AA)NHa +o?
= o?(1+ad'(AA)~ta)
The estimated standard deviation of the error of prediction is found by re-

—

placing 0% by s®, which gives an estimated error of V/s2(1 + @ (A’A)~1d). No-
tice that X,,;1 is independent of both s? and X, because they depend only on

X1,..., Xn. In addition, s? is independent of Xn+1 because s2 and 6 are inde-
pendent. Thus, we may consider the following ratio which has a t-distribution
with n—k degrees of freedom, since the numerator is a standard normal random
variable and the denominator is an independent chi-square random variable with
n — k degrees of freedom:

Xng1—Xng1 R

o/itd'(AA)1a Xy — Xaq

(n=k)s?/o? Csy/1+d (AA) @

23 Form of the ANOVA Test (23)

Let X;;"Normal(u;,0?), for j = 1,..,n, i = 1,...,k, with all the X;; indepen-
dent. Let the null hypothesis be Hy : iy = ... = pu, = p.  Let the alternative
hypothesis be Hy : p; # p, for some i # i/. We find the likelihood ratio test
statistic.

Under the null hypothesis, X;; Normal(u,c?), and this is a sample of size
nk from the population Normal(u,o?). The maximum likelihood estimators
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for v and o2 are then:

A 1 _
A S S
i=1 j=1
- 1 k n o
0° = %ZZ(XU*X)
i=1 j=1

Substituting these estimators into the likelihood function gives the restricted
maximum likelihood:

max L(X, 5) = (27'('(:72)7”]6/26725%2 T D (X =X)?
6€Hy
_ (27T(§,2)—nk/2672&%2(nk52)
= (2mo%e)/?
Without this restriction, we instead have k samples of size n with a common
variance. Since the means are unrelated, we have

We find the maximum likelihood estimator for o2 by looking at the log-
likelihood:

10g L(ftyy ooy iy, 02) = log((ZWUQ)_"k/Qe_# D e (Xag—pe)?

i=1 j=1
o nk 1 ko
Wlog[/(ﬂh...,un,(ﬂ) = _F+2(0—2)2;;(Xij — ;)
1 I nk
= (0% — — ;;(X” - ,ui)2)(_2<0_2)2)

Solving for o2

1;, we find:

and substituting the maximum likelihood estimators for the

kK n
6° = % DD Xy - X))’

i=1j=1
Substituting these estimators gives the unrestricted maximum likelihood:

maXL(X q) = (2%&2)_"’“‘/267%#2@?:1Z?':l(Xij*Xi)z)
6cH ’

(277'6’2) —nk./2 o= 52z (nké?)

= (2moPe)nk/2

24



We find the likelihood ratio test statistic by looking at the ratio of the
restricted and unrestricted maximum likelihoods:

N n ~ k n L 7' 2
AX) = (2moPe)"/2 U_z)nk/ZZ 2im1 21 (Kij — Xi) yk/2

- = (3 ( - =
(2m%e)mk/2 52 Yy Y (X — X)?
Notice that
kE n B k n B B B
YD X=X = Y Y (X - X+ X - X)?
i=1 j=1 i=1 j=1
= > O (X — X))’ +n(Xi - X)?)
i=1 j=1
k n k
= D) ) (X - X)) +n) (X - X)?
=1 j=1 i=1

The first term in this equation is defined as the sum of squares within (SSW);
the second term is defined as the sum of squares between (SSB). Using these
definition, we may rewrite the likelihood ratio as:

S Y (X — Xi)? k2
Y (X = X)?
SSW )nk/Q
SSW + SSB
1 )nk‘/2

= SSB
L+ 55w

AX) = (

=

Thus, we see that /\()? ) is a decreasing function of gg{f,

24 The ANOVA test statistic has an F-distribution
(24)

Recall that SSB =n Ele()_(i—)_()Q. Since we may write X = ¢ Zle(% Yo Xij) =
v Zl 1 X;, SSB can be written as a function of only X1, ..., Xj. Since X1, ..., X
are the means of disjoint independent samples of size n from N ormal(,u, 3,

Xy, ..., X); are independent and distributed Normal(y, < ) Thus, Z (X =
X)? is the sum of squares about the average of a sample of size k from a dlstrlbu—

tion with variance <-, which means that W = S(f—zB has a chi-squared
distribution with k — 1 de%rees of freedom. B
Recall that SSW = Y7 Y70 (X5 — Xi)?. Let s7 = A5 20 (Xij — X,)?
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for each 4 = 1,...k. Then we may rewrite

SSW = >N (X - Xi)’

Il
7
S
|
—
~
w
=N

Because s2, ..., s% are the sample variances of samples of size n from normal pop-

. . . —1)s2 —1)s? N .
ulations with variance o2, & 02)51 Lz Uz)sk are each distributed chi-squared

with n — 1 degrees of freedom. Since s?, ...,s7 depend on disjoint independent
Lin(n-lsi _ ssw
[od

samples, they are independent. Thus, is the sum of k£ inde-
pendent chi-squared variables with n — 1 degrees of freedom. By the Addition
Theorem for Chi-Squares, this sum has a chi-squared distribution with k(n — 1)
degrees of freedom.

Consider X; and s?. If i =4/, then these are the mean and sample variance
from a sample from a normal population. These two statistics are independent.
If ¢ # i', then these two statistics depend on different independent samples, and
are therefore independent. Thus, {X1,..., X;} and {s?, ..., s} are independent
sets. Since SSB and SSW depend on these two sets, SSB and SSW are
independent. Therefore, the following expression is the ratio of independent chi-
square random variables with k—1 and k(n—1) degrees of freedom respectively,
divided by their degrees of freedom:

888 )(k—1)  SSB/(k—1)
SSW /k(n—1)  SSW/k(n—1)

o2

F =

Hence, the test statistic for ANOVA, % has an F-distribution with

k —1 and k(n — 1) degrees of freedom.

25 Multivariate Central Limit Theorem (25)

Theorem 3 Let )?1, ,Xn be a_sample of independent identically distributed
random vectors in R™. Let E(X;) = i and Cov(X;) =X. Then, as n — oo,
ﬁ Z;’L:1(Xj — [i) has the limiting distribution Normal,,(0,%).

Proof. Let £ € R™ be any fixed vector. Define ¢, = P(ﬁ Z;-l:l()zj —[) =
ﬁ 2?21 (X i —i). Each % (X, — i) is an independent, identically distributed
random variable with:

B({(X;—ji) = TEX;—ji)
= TE(X;) -7
= -t
0
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Var(@(X; — i) = TCou(X; — )t
= 'E’COU(X}‘)E
= %t

By the one-variable central limit theorem, ﬁ > i1 ?(X ; — [i) has a limiting
distribution with mean 0 and variance #'%.

By a theorem on the convergence of characteristic functions, the convergence
of this distribution to a normal distribution implies the convergence of its char-
acteristic function to the characteristic function of the same normal distribution.
That is,

lim E(evr Zimi F KimR)y _ o~ 4Pt

n—oo
for all w € R. This is true for all £ € R™. In particular, set v = 1. Then, we
find e e o

lim E(e' (= Zj=1(Xj—H))) — TR

n—oo
for all £ € R™, and every linear combination of the elements of % zjzl()? i— i)
converges to a normal distribution. By the Multivariate Continuity Theorem,
the convergence of every linear combination elements of a random vector to a
normal distribution implies the convergence of the random vector to a multivari-
ate normal distribution. Thus, % Z;L:l()? ; — [i) converges to a Normal(0, )
distribution. m

26 Random vectors describing multinomial dis-
tributions (26)

Let Z = (Z1,...,Zy) be a random vector with P(Z; = 1) = p;, Zle Z; =
Zle p; = 1. Because each Z; is a binomial random variable with probability
p; of success, E(Z;) = p; and Var(Z;) = p;(1 — p;). Because exactly one of
Zy,..., 2y is one, Z; Z; = 0 when ¢ # j. Therefore, we find that Cov(Z;, Z;) =
E(Z;Z;) — E(Z;)E(Z;) = 0 — pip; = —p;p;. This means that the covariance
matrix of Z is:

. (P (1—p1) - —DPip;
Cov(Z) =
—pipj - pe(l—pr)
b1 0] T
= . e | — |- TDiDj
_0 Pk | L
_pl 0_ —pl
= . ITTIE e TR [pl pk]
0 ) |
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Let P be the first matrix in this expansion; P is a diagonal matrix with the
it" diagonal entry equal to p;. Then, P~% is a diagonal matrix with entries
\/é along the diagonal, and:

DPi
Cov(P™3Z) = P 2Cov(Z)P"*
1 pl 1
= P 3(P-—|.. [pl pk])P_5
Pk

Il
~
|

[vPr e VPi]
N

27 The limiting distribution of the chi-square
test statistic (27)

Consider a sample of size n in which each observation falls into exactly one of
k classes, with probability p; of being in class i, Zle p;i = 1. Let f; be the
k (fq‘,*ﬂpi)2
i=1\"ap: )
Let P be the diagonal matrix with diagonal entries p;. Let Z; be a vec-

tor with i'” entry equal to 1 if the j** observation falls into the i*" category

A ) )
Zj = 3 and E(305_, Z;) = 5 E(Z)) =
k

sample frequency of class , so that Zle fi=n. Define 2 =7%"

and 0 otherwise. Then, > "

j=1
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p1 np1
S || = .. | Then, we find:

=1
Pk NP

k
- VWi
I: : |

K3

npi
/NP1

2

By the multivariate central limit theorem, ﬁ Z;-LZI(Z_} — E(ZJ)) has a lim-

iting normal distribution with mean 0 and covariance matrix COU(Z). Thus,
%P‘é >i—1(Zj—E(Z))) has the limiting distribution Normal(0, P~2Cov(Z)P~2) =

VP1

Normal(0,1— | ... | [/p1 . PK)). LetY = ﬁp—% Y (Z; - E(Z))).
Pk
Let @ be an orthogonal matrix with first row [\/p_l \/p_k] Since the

S112 L2 .
YH :HQYH . Also, QY
is distributed approximately Normal(0, QCov(Y)Q'), so that the covariance

norm is invariant under orthogonal transformations,
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matrix is:

B VP1
QCow(Y)Q' = QU —| .. |[vP1 - Dr))Q
Dk
VP1 VP1
= QQ - Q| . D@ - |V
VP VP
1
= 1"l o .
0

o 0
0 Iy

Thus, we see that Q? can be written

0

X .
21 where the X; are independent,

Xk

— 2 — k

V| =|er| = oh. k2
(approximately) the sum of k—1 independent standard normal random variables

and therefore is (approximately) x? with k — 1 degrees of freedom. Thus, the
chi-square statistic has a limiting y? distribution with k — 1 degrees of freedom.

:

approximately standard normal variables. Thus,

28 The limiting normal distribution of quantile
statistics. (28)

Let F(z) be a cumulative density function. Let F'(x) exist. Let £, be the pth
quantile of F'(z) (that is, F'(§,) = p). Assume F'(§,) > 0. Let r =7(n) be an
index of an order statistic, X(,, such that lim, \/ﬁ(@ —p)=0. We will
show that /n(X(,) —¢,) has a limiting distribution which is normal with mean
; p(1—p)
0 and variance FE,)7
Consider the cumulative distribution of v/n(X) —§,):

_ _ <Y
P(Vn(Xuy =€) < y) P(X(V)S\/ﬁ+§p)

=S (j) (P +6,))(1— (L 4 )

= P(at least r successes of n | probability F(

j=r
Y

NG

+§,,) of success)

= 1 — P(less than r successes)
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According to the normal approximation to the binomial distribution, a bi-
nomial distribution with n trials and probability 6 of success is approximately
normal with mean nf and variance m. In this case, § = F(J= +¢,) and
we find:

—nF(-2L
lim P(vn(X() —§,) <y)=1-( lim ronFR S

. —nF(-L+ .
However, we must show that lim,,_, . \/ rn iRty exists.

Case 1: Uniform distribution.
In the case of the uniform distribution:

F(z) = =z,z€][0,]1]
& = p
Yy Y Y
F(Eﬁrﬁ) £p+\/ﬁ p+\/ﬁ
F'(¢,) = 1

Substituting these values into the limit, we find:

lim ran(\/— 5 = lim ronet %)
e FE G- F(ETE) T ot (0 -p- )
N el et AL
n—oo ’I’Lp(]. _p)
= lim (222 — )
pa—p) o Vi
1 T
= ————— lim ——p)—
) Jim (Va(= = p) —y)
- Y
p(1—p)

(Note: , /p+ % converges to ,/p faster than p + % converges to p.)

Applying the normal approximation, we find:

P(\/H(X(r) - gp)

A
s
Il
~
=
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Case 2: The general case.

By the Probability Integral Transformation, if F'(x) is a continuous cumula-
tive distribution function and U is a random variable uniformly distributed on
[0,1], then the cumulative distribution function of the random variable F(U)
is F(z). Conversely, if X is a random variable with cumulative distribution
function F'(z), then the random variable F'(X) is randomly distributed uniform
on [0, 1].

Since F(x) is a non-decreasing function (and is increasing in a neighborhood
of £,).

P(X(y <&+ %) = P(F(X() < F(&, + %))

Applying a Taylor expansion about £, we find:

P(F(X(y) < F(&,+ %)) — P(F(X(y) < F(E,) + F’(@»% +2(y))

= P(/n(F(X@) = F(&,)) < F'(§,)y +e(y)vn)

(e(y) is a smaller order function containing the rest of the terms in the Taylor
expansion; it is negligible.) Notice that F(X(,)) = U, where Uy, is the rth
order statistic of a sample of n uniform random variables on [0, 1]. Also, recall
that F'({,) = p. Substituting these facts, applying Case 1, and taking the limit,
we find:

P(X() < &+ =) = PWall = p) < F )y + u)vi)
1
= & F’
( ) (&)y)
Thus,
P(Va(Xpy =€) < y)=PXu <&+ %)
1
= P(— [’
( ) (&p)y)

which is equivalent to \/n(X(y —&,)  Normal(0, ( I{:EES)P ).

29 Propogation of Errors (29)

Theorem 4 Let {X,,} be a sequence of random variables. Let {a,} be a se-

quence of constants such that a, > 0 for all n and lim, .. a, = 0. Let
w be fixed. If %’i has a limiting Normal(0,02) distribution, then for any

continuously differentiable function f : R — R, LX) =FW) s g limiting
Normal(0,0%(f"(1))?) distribution.

An
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Proof. For every ¢ > 0, P(|X,, — u| > ¢) = (‘XZ—H_“

> =). Since ¢ is fixed,
lim, 0o 2= = o0, so that lim, e P(| X, —pf > €) = lim, oo P ‘Xa ’ >
i) = 0, since a— diverges while X,, and p are finite. Thus, X,, converges in
probability to . By the Taylor expansion, (f(X,) — f(1) ~ f/(u)(X

u) within & of p.  Since %’i has a limiting Normal(0,0?) distribution,

f(w) in—u = f(X"g;f(”) has a normal limiting distribution with mean f’(1)0 =

0 and variance (f'(1))202. m

Theorem 5 Let {X,,} be a sequence of random vectors. Let {a,} be a sequence
of constants such that a,, > 0 for all n and lim, .o an = 0. Let ji be a fived
vector. If ain(Xn — [i) has a limiting Normal(0,Y) distribution, then for any

—

smooth function f : R¥ — R, %(f(Xn) — f(@)) has the limiting distribution
Normal(0, (V£)(1))S((Vf)(1)))

Proof. Because ain()?n — [i) has a limiting distribution, X, converges in prob-
ability to fi. By the vector form of Taylor”s expansion, f ()Zn) — f(f@) =~
((Vf)( )/ (Xn—p). Since i()zn—ﬁ) has a limiting Normal(0, ©) distribution,

(( Hw) — ) = L(f(X,) — f(ii)) has a limiting normal distribution

An

(Xn
Wlth mean ((Vf)(12))'0 = 0 and variance ((V.f)(1))2((Vf)(1)). =

30 Distribution of the sample correlation coef-
ficient (30)

Definition 6 Let X and Y be bivariate normal random variables with corre-
lation coefficient p. Let (X1,Y1),...,(Xn,Y,) be a sample of pairs from this
Y (X =X)(Yi—Y)

distribution. Let r = L |
VI (X —X)2) (T, (Yi-Y)?)

We call r the sample

correlation coefficient.

Lemma 7 p and r are invariant under positive linear transformations, U =
aX +bandV =cY +d, witha > 0,c> 0.

Proof. Let p(U, V) be the correlation coefficient of U and V' and p(X,Y") be
the correlation coefficient of X and Y. Then,

pX,Y) = B( \/Var( ; VVar(Y)
E(U)=aBE(X)+b
E(V)=cE(Y) +d
Var(U) = a*Var(X)
Var(V) = cVar(Y)
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p(U,V)

I
S~—

aX +b— (aE(X)+b) . cY +d— (cE(Y)+d)
a?Var(X) AVar(Y)

)

(X.Y) h
¢<271<X—X>2><2 (¥; - V)2)
U=aX+b
V=cYV+d

n

U, — ) = aX; +b— (aX +b))? Z“Q(Xi_X)Q
( (¥i - Y)

v 1

(
1
(¢Y;+d—

SW-TE=Y

(
i=1
n
i=1 i=1

¥ d) =&

1

. i:(aXi-i-b— (aX +b))(cY; +d— (cY +d))

i=1 i=1

= Y ac(X; - X)(¥; - ¥)
=1

7
=
|
S|
=
|
=
Il

S Ui =) (Vi = V)
VO W= D)), (Vi = V1)
> i ac(Xi — X)(Y; -Y)
SO @6 - X)L, v - 7))
Z?:1(Xi — X)(Yi - Y)
VO (X = X)) (0, (Y = V)2)
= r(X,Y)

Theorem 8 Asn — oo, \/n(r — p) has a limiting Normal(0, (1 — p?)?) distri-
bution.
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Proof.

Lemma 9 Proof. Because p and the distribution of v are invariant under
positive linear transformations, given any bivariate normal random variables, we
may subtract their means and divide by their standard deviations without affect
p orr. Thus, without loss of generality, we may prove this theorem for standard
bivariate normal random variables, X andY, with correlation coefficient, p. m

Lemma 10 For standard bivariate normals, v has the same sampling distrib-
i Vil
VL VAE WD)
with the same correlation coefficient.

ution as where V- and W are standard bivariate normals

Proof. Let Q) be the orthonormal transformation with first row ﬁ ﬁ .

Then, the first elements of V = QX and W = QY are /nX and \/nY respec-
tively. Because orthonormal transformations preserve inner products,

d X - X)? = Xn:Xfan’Q
3 =1

v

= sz?

i=1

2
2
- Vi

n
= § w?
i=1

S - X -F) = Y XY nXY

i=1 i=1

= < V,W > -V,
- S
=2

Because @ is an orthogonal transformation, it is a rotation of R". Therefore,
V and W have the same correlation as X and Y. m

Define f(uy,uz,u3) = \/513—“2 Then, r = (37 (Xi — X)%, 20 (Vi —
V)22, (X = X)(Yi - Y)) = f(ZZ L Vi3 2 W, 321, ViWi). - Define in-

dependent random vectors ZZ = W2 . Since V; and W; are standard bivari-
V,W;
1
ate normal, E(V?2) = E(W?) = 1 and E(V;W;) = p. Thus, E(Z) = [1].
P
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Pp
It can be shown that Cov(Z;) = 2 |p*> 1 P Thus, by the Mul-
1p?
pp 4
V2 1
tivariate Central Limit Theorem,\/% S o(| W2 | — |1]) has a limiting
Vi I4
(Lo p
Normal(0,2 |p* 1 p |) distribution. By the Propogation of Error The-
1+p2
PP =5

oremn, Vi = T(f (g Sy V2 iy Sy W2 5k S0, Vi) = f(1,1,) has
a limiting Normal(0, (Vf)()) Cov(Z;)((Vf)(1)) distribution. We calculate:

vf(ulv uz, u3) =

1 p? p _lp
(VAL L) Cou(Z)(VF)(L,Lp) = 2[=3p —3p 1] |P* L »p_ -1y
pop HEL1
L 2
T
= 2[-30 —3p 1] |=2r" Fap
1.2
L 3 2°
= p' =207 +1
= (1-p?

Thus, n(r — p) = Vn = 1(f(55 Xiea Vi 73 Diea Wi 7 ia Vi) —
f(1,1,p)) has a limiting distribution which is Normal(0, (1 — p?)?). =

31 A variance-stabilizing transformation (31)

Consider tanh(x) = (‘f:;—z:: Then, tanh™*(z) = In(4££) = $(In(1 + z) —
In(1 — ). Set f(z) = tanh™'(z). Then, f'(z) = %(H;a: + ) = L.
Applying the Propogation of Errors Theorem, we find that /n(f(r) — f(p)) has
a limiting normal distribution with mean 0 and variance (1 — p?)2( s
Thus, \/n(tanh™* () — tanh ™' (p)) has a limiting standard normal distribution.

(This allows us to construct confidence intervals for tanh ' (p) and then take

the hyperbolic tangent of the endpoint to find confidence intervals for p.)

Recall that \/n(r — p) has a limiting Normal(0, (1 — p?)?) distribution.
1
2
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