
Theoretical:

Xt =
∫ π

−π

eiλtdZ(λ)

cr = E(XtXt−r) =
∫ π

−π

exp(irω)f(ω)dω

f(ω) =
1
2π

∞∑
r=−∞

cr exp(−irω)

E(dZ(λ)dZ(λ)) = f(λ)
E(dZ(λ)dZ(ω)) = 0

Empirical:

ωj =
2πj

n

Jj =
1
n

n−1∑
t=0

Xt exp(−iωjt)

Xt =
n−1∑
j=0

Jj exp(iωjt)

Ij =
n

2π
|Jj |2 =

n

2π
JjJj

Ij =
∑
|r|<n

ĉr exp(−irωj)

Ij/f(ωj) Exponential(1)

ĉr =
1
n

n−1∑
t=|r|

XtXt−|r|

ĉr =
∫ π

−π

I(ω) exp(irω)dω =
2π

2n

2n−1∑
j=0

I(ω′j) exp(irω′j)

Fourier Transform of the Boxcar: J(ω) = 1
n

∑n−1
t=0 exp(−iωt) = exp(−i(n −

1)ω/2) sin(nω/2)
n sin(ω/2) . Dirichlet Kernel: Dn(ω) = sin(nω/2)

n sin(ω/2)

Transfer Functions:

G(ω) =
s∑

u=r

gu exp(−iωu)

fZ(ω) = |G(ω)|2fY (ω)
JZ(ω) = G(ω)JY (ω)

Matching condition:
∫
|G(ω)|2dFX(ω) < ∞

nV ar(X) → 2πf(0)
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σ2 = 2π exp( 1
2π

∫ π

−π
ln(fX(λ))dλ (there is a spectral factorization if this is

nonzero)
ARMA:

Xt + b1Xt−1 + ... + bpXt−p = εt + a1εt−1 + ... + aqεt−q

dZX(λ) =
∑

aj exp(−iλj)∑
bk exp(−iλk)

dZε(λ)

fX(λ) = |
∑

aj exp(−iλj)∑
bk exp(−iλk)

|2 σ2

2π

Long Memory:

f(λ) kλ2d

cr k|r|2d−1

V ar(Xn) k1n
2d−1(

d

j

)
=

1
j!

d(d− 1)...(d− j + 1) = (−1)j Γ(j − d)
Γ(j + 1)Γ(d)

∆d = (1−B)d =
∞∑

j=0

(−1)j

(
d

j

)
Bj

log Ij ≈ Constant− 2d log |ωj |+ εj

GARCH:

εt|Ψt−1 ∼ Normal(0, ht)

ht = ω +
q∑

i=1

αiε
2
t−i +

p∑
j=1

βjht−j∑
αi +

∑
βj < 1

V ar(ρ̂r) ≈ 1
n

(1 + Cov(ε2t , ε
2
t−r)(1−

q∑
i=1

α2
i )/ω2)
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